IV. The centre of representative domain and applications; V. The solution of Dirichlet's problem of complex Monge-Ampère equation on Cartan-Hartogs domain and Kaehler-Einstein metric with explicit formula.
I. The zeroes of Bergman kernel on Cartan-Hartogs domain
The Cartan-Hartogs domain of the first type is defined by Y I (N, m, n; K) = {W ∈ C N , Z ∈ R I (m, n) : |W | 2K < det(I − ZZ t ), K > 0}.
And
Y I (1, 1, n; K) = {W ∈ C, Z ∈ C n : |W | 2K + |z 1 | 2 + |z 2 | 2 + · · · + |z n | 2 < 1}.
Then the Bergman kernel of Y I (1, 1, n; K) is
Where .
It is well known that for the first type of Cartan-Hartogs domains there exists the holomorphic automorphism (W * , Z * ) = F (W, Z) such that F (W, Z 0 ) = (W * , 0) if (W, Z 0 ) ∈ Y I . Due to the transformation rule of Bergman kernel, one has K I ((W, Z); (ζ, ξ)) = (detJ F (W, Z))| Z0=Z K I [(W * , 0), (ζ * , ξ * )](detJ F (ζ, ξ)).
Therefore the zeroes of K I ((W, Z); (ζ, ξ)) are same as the zeroes of
. Let W * be the W , and ζ * be the ζ, then we have
Where
If (W, 0), (ζ, 0), (W * , 0) and (ζ * , 0) belong to Y I , then their norms |W |, |ζ|, |W * |, |ζ * | are less than 1.
1.1. Let t = W ζ, then |t| < 1, and
Therefore to discuss the the presence or absence of zeroes of the Bergman kernel function of Y I (1, 1, n; K) can be reduced to discuss the zeroes of polynomial with real coefficients in the unit disk in C [3] .
1−t , which maps the unit disk in t-plane onto the half-plane in y-plane Rey > 1/2, therefore to discuss the the presence or absence of zeroes of the Bergman kernel function of Y I (1, 1, n; K) can be reduced to discuss the zeroes of polynomial with real coefficients in the right half-plane Rey > 1/2.
Above two statements are true not only for the Y I (1, 1, n; K) but also for all of the Cartan-Hartogs domains(and Hua domains).
1.2. In the low dimension case, it is very easy to answer the Lu Qikeng problem for the Cartan-Hartogs domain. For example, we can say that
At this time Y I (1, 1, 1; K) = {W ∈ C, Z ∈ C : |W | 2K + |Z| 2 < 1}, and the zeroes of its Bergman kernel function K I [(W, Z), (ζ, ξ)] are same as the zeroes of
But the zeroes of F (y) are equal to t = (K + 1)/(K − 1), its norm |t| > 1, it is impossible. Therefore the Bergman kernel function of Y I (1, 1, 1; K) is zero-free, that is the Y I (1, 1, 1; K) is Lu Qi-Keng domain. Therefore we also prove that:
If D ⊂ C 2 is a bounded pseudoconvex domain with real analytic boundary and its holomorphic automorphism group is noncompact, then D is the Lu Qi-Keng domain due to the E.Bedford and S.I.Pinchuk's following theorem [4] . Theorem 1.1: If D is a bounded pseudoconvex domain with real analytic boundary and its holomorphic automorphism group is noncompact, then D is biholomorphically equivalent to a domain of the form
for some positive integer m. 
II. The classical (Cannonical) metrics on Cartan-Hartogs domain
where
Firstly, by the direct computations one can prove that B YI ∼ Y (Iλ). The Y (Iλ) has good properties: Its holomorphic sectional curvature and Ricci curvature are bounded from above and below by the Negative constants. Then based on above good properties and using the Yau's Schwarz lemma [11] one can prove KE YI ∼ Y (Iλ). Therefore KE YI ∼ B YI , and the metric Y (Iλ) may be useful for us.
2.3. Definition: A complex manifold M n is called holomorphic homogeneous regular if there are positive constants r < R such that for each point p ∈ M , there is a one to one holomorphic map
, where B r and B R are balls with radius r and R respectively. Theorem 2.1(Liu-Sun-Yau) [11, 12] : For holomorphic homogeneous regular manifolds, the Bergman metric, the Kobayashi metric and the Caratheodory metric are equivalent.
Therefore if Cartan-Hartogs domains are the holomorphic homogeneous regular manifolds, then the Bergman metric, the Kobayashi metric, the Caratheodory metric and Kaehler-Einstein metric are equivalent. But whether the Cartan-Hartogs domains are the holomorphic homogeneous regular manifolds? This problem remains open.
2.4. From an immediate consequence of an inequality due to Lu Qikeng's paper [13] , we have the following Therefore Cheung and Wong introduce the definition of Lu constant L(D) of a bounded domain D in C n as follows [5] . Definition:
One can try to determine the Lu's constants of all Cartan domains and all Cartan-Hartogs domains.
2.5. Some years ago S.T.Yau proposed an intricate problem to look for a characterization of the bounded pseudoconvex domains on which the Bergman metrics are complete Kaehler-Einstein metric [5] .
The following Lu's theorem can be viewed as a particular case of Yau's problem of which the Bergman metric is of constant negative holomorphic sectional curvature: Theorem 2.3(Lu Qikeng) [14] : Let D be a bounded domain in C n with a complete Bergman metric B D . If the holomorphic sectional curvature is equal to a negative constant −c 2 , then D is biholomorphic to the Euclidean ball B n and c 2 = 2 n+1 . S.Y.Cheng conjectures that a strangle pseudoconvex domain whose Bergman metric is Kaehler-Einstein must be biholomorphic to the Euclidean ball [5] .
We can also prove that if the Bergman metric of Cartan-Hartogs domain is Kaehler-Einstein, then this Cartan-Hartogs domain must be homogeneous(See below).
III. Generalized Cartan-Hartogs domain
Some years ago we generate the Cartan-Hartogs domain to the Hua domain as follows [3] :
Right now we will generate the Cartan-Hartogs domain from another way.
Let Ω be a domain in C n , ρ a positive continuous function on Ω, and let D be a (fixed) irreducible bounded symmetric domain in C d . Then Roos, Englis and Zhang define a new domain in C n+d as follows [15, 16] :
Let B(0, 1) be the unit ball in C d , and let
then one has
Therefore
then we get the following new domain, which generalizes the Cartan-Hartogs, and is called generalized Cartan-Hartogs domain:
where i, j = I, II, III, IV . Therefore we get 16 types of generalized Cartan-Hartogs domain as follows:
These are the new research fields, one can seeks the Bergman kernel, Szegö and consider other topics.
IV. The centre of representative domain and applications
The Riemann mapping theorem characterizes the planar domains that are biholomorphically equivalent to the unit disk. In the higher dimensions, there is no Riemann mapping theorem, and the following problem arise:
Are there canonical representatives of biholomorphic equivalence classes of domains?
In the dimension one, if K(z, w) is the Bergman kernel function of simply connected domain D = C, it is well known that the biholomorphic mapping
In the higher dimensions, Stefan Bergman introduced the notion of a "representative domain" to which a given domain may be mapped by "representative coordinates". If D is a bounded domain in C n , K(Z, W ) is the Bergman kernel function of D, let
and its converse is T −1 (Z, W ) = (g −1 ji ). Then the local representative coordinates based at the point t is
Or
These coordinates take t to 0 and have complex Jacobian matrix at t is equal to the identity. The 
, and
, . . . ,
∂ ∂tn
). 
Where t 0 spreads all over S. Therefore if 0 is the centre of representative domain D, and the set S is got explicitly, then the Aut(D) can be got explicitly as above. 
And they proved that the above problem exists unique solution [19, 20] , where the g can induce the Kaehler-Einstein metric as follows:
We consider the explicit solution of Dirichlet's problem of complex MongeAmpère equation on Y I :
where M = N + mn is the complex dimension of Y I . Because Y I is pseudoconvex domain. Therefore the solution of problem (5.1) is existent and unique.
5.1. We prove that the solution of problem (5.1) can be got in semi-explicit formula, and the explicit solution is obtained in special case. That is the following theorem is proved [21] :
Theorem 5.1: If G(X) is the solution of the following problem
is the solution of the problem (5.1); if K = mn+1 m+n , and
then the following g is the special solution of the problem (5.1):
where 
